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The contribution of the higher-order correction to nonlinear dust-acoustic waves are studied using
the reductive perturbation method in an unmagnetized collisionless mesospheric dusty plasma. A
Korteweg —de Vries (KdV) equation that contains the lowest-order nonlinearity and dispersion is
derived from the lowest order of perturbation, and a linear inhomogeneous (KdV-type) equation that
accounts for the higher-order nonlinearity and dispersion is obtained. A stationary solution is achived

via renormalization method.
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1. Introduction

Studies of numerous collective processes [1,2] in
dust contaminated plasmas have been of significant in-
terest in connection with linear and nonlinear waves
that are observed in laboratory, astrophysical and space
environments; see for instance [3—12]. These dust
grains are positively and negatively charged because
of a number of charging processes, such as photo-
electric emission stimulated by ultraviolet radiation,
thermionic emission induced by radiative heating, sec-
ondary emission of electrons from the surface of the
dusty grains and collisional charging by electrons
and ions [13-15]. It has been shown both theoreti-
cally and experimentally that the presence of charged
dust grains does not only modify the existing plasma
wave spectra [16], but introduces also new eigen-
modes, such as dust-aoustic (DA) waves [17, 18], dust-
ion-acoustic (DIA) waves [19, 20], dust-lattice (DL)
waves [21, 22].

Recently, Mamun and Shukla [22] investigated the-
oretically the properties of linear and nonlinear arbi-
trary amplitude dust-acoustic waves that propagate in
a mesospheric dusty plasma. In the present work, tak-
ing into account the same mesospheric dusty plasma
system suggested in [23], we make use of the reduc-
tive perturbation theory for a small but finite amplitude.
We will derive the Korteweg—de Vries (KdV) equa-

tion that contains the lowest-order nonlinearity and dis-
persion. As the wave amplitude increases, the width
and velocity of a soliton deviate from the prediction
of the KdV equation. To overcome this deviation, the
higher-order nonlinearity and dispersion must be taken
into account. A stationary solution for the resulting
equations has been achieved via the renormalization
method [24-30].

The present paper proceeds as follows: in Section 2,
the basic set of equations is introduced and the KdV
equation is derived. In Section 3 we continue to a
higher-order reductive perturbation theory to obtain
an equation for the second-order potential. In Sec-
tion 4 we apply the renormalization method to obtain a
stationary solution. Finally, some conclusions and re-
marks are given in Section 5.

2. Basic Equationsand KdV Equation

Let us consider an unmagnetized collisionless dusty
plasma consisting of a two-component, uniform, meso-
spheric dusty plasma containing positively and neg-
atively charged dust fluids. We assume that the neg-
atively charged dust particles are much more mas-
sive than the positively charged ones [7, 11]. The basic
equations are:

on  d(nu)
ot ox

=0, (1a)
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u(g—?+ug—i)+g—i+%%:07 (1b)

%—?+u3—i+3pgz o, (10)
for the positively charged dust plasma and

aa—':l + 8([;)(\/) =0, (2a)

aa_\t/ + %—z - 3—£ =0. (2b)

for the negatively charged dust plasma.
Equations (1) and (2) are supplemented by Poisson’s
equation:

o0
ox2

In the above equations n, N, u, V, ¢, and p are the
number densities of positive and negative dust grains,
the velocities of positive and negative dust grains, the
electric potential and the thermal pressure of the pos-
itive dust fluid. Here nand N are normalized by equi-
librium values ng and Np, u and V are normalized by
Cs = VAVr [u = Zomi/Zimp,Vr = (keT/my)2, Zy
(Z2) represents the number of the positive (negative)
charges onto the positive (negative) dust grain surface,
my (my) represents the mass of the positive (negative)
dust particle, kg is the Boltzmann constant, T is the
temperature of the positive dust fluid], p is normalized
by niokg T, ¢ is normalized by kg T /Z; €, x is the space
variable normalized by Aip = (kg Ti /4pn10Z1 )2, tis the
time variable normalized by a)p‘zl = (mp/4nny0Z3€?) 7,

To derive the KdV equation describing the behav-
ior of the system for longer times and small but finite
amplitude DA waves, we introduce the slow stretched
co-ordinates

=N-n. (3)

1;:{;‘%t7 é:s%(x—ltL (4)

where ¢ is a small dimensionless expansion parameter
and A is the speed of DA waves. All physical quantities
appearing in (1)—(3) are expanded as power series in
€ about their equilibrium values as:

n=1+em+e’n++ens...,

U=eu;+e%Up+e3Uug+...,

N=1+eN;+e’Np+eNg+...,

V=eVi+eNo+e3Vg+...,

p=1+epi+e2pr+edp+...,

O =ep+ePp+ePat.... (5)
We impose the boundary conditions that as

&) = e,
u=V =0,

n=N=1,
¢ =0.
Substituting (4) and (5) into (1) -(3), and equating co-

efficients of like powers of g, then, from the lowest-
order equations in €, the following results are obtained:

=1
P (6)

-1 -1 -1
ng = 74517 up = T¢’17 Ny = 74517

-1

3 (7
Td’l; pL= F‘Z’l-

V=

Poisson’s equation gives the linear dispersion relation
A2(1+u)=3. (8)

If we consider the coefficients of O(e?), we obtain
with the aid of (7) the following set of equations:

8n2 aU2 1 a¢1 1 a¢1

_l¥+¥_ﬁ¥+ﬁ¢lﬁzo’ (92)
;—u%+%%—lu%—lg+%¢1a&%+%=07 (9b)
—x%—?+i—§¢1% s%—%%%:o. (90)
A% Lo o
%—i—ng—Nz:O. (11)

Eliminating the second-order perturbed quantities
Ny, Uz, N, V, and ¢, in equations (9)—(11), we ob-
tain the following KdV equation for the first-order per-
turbed potential:

1
E +A ¢

where

B %0
2

1

9E (12)

(13)
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3. Linear Inhomogeneous Equation

In this section we start by writing down the second-
order perturbed quantities n,, Uy, P2, N> and V5 in terms
of ¢1 and ¢,. They are expressed as

—3(—3+ uA?)9? + 214 (3¢, + 14%;21)

M= 62%(—3 1 uA2)  (143)
2
—3(—3+u/12)¢12+6x4¢2+x6(3+ux2)aa—;;l
= 623(—3+1A2) :
(14b)
49’
397 302 PHATGE
7T R (142)
302 + 622, — 215(3+u/12)aa§"’;
Ny = — oK , (14d)
aZ
307 — 62242 + 155 Y
Vo = — & (14e)

6A3
If we now go to the higher-order in &, we obtain the
following equations:

anp ong ony ong
Fr 2 4u 285 +u 185 Af
oug - duy %
of T HOE T 0E
ap2 JapL op2  , Jp3
a_+U2¥ le—lg

8 aUQ aU3
+3pzaé +3p 185 +3=— FE =0,

(15a)

+No=5 + =0,

(15b)

Holwy  nidp;  0dps  HUdup  HUidUp
9t 9 9 o T o
 pAdug +8¢s ~1nfdp; | mopy
0E 0E 2 0 oE
E)N aNl BNZ 8N3
TV & ~Aap
208 T ThoE T oE
YA N, a¢3
+N
o8 TE ToE
Ny Vi N, Vs s
¥+V2¥+V1¥—l¥—¥

(15¢)

+W1
(16a)
+ NZ 0:

— 0, (16b)
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&9

&2

Eliminating ns, us, N3, V3 and ¢3 from (15) and (16),

we finally obtain, with the aid of (7), (9), (10) and (11),

a linear inhomogeneous equation for the second-order
perturbed potential ¢,:

—N3+n3=0. (16c)

dgr (¢1¢2) Bd°p,
(¢1)¢2—— +A oF 5@—5(%) 0, (17)
where
32
S(¢1) =A 907 +Ao(57 ¢1a¢21)
x o % (18)
+ Az ( 8531) Ay ag51
The coefficients A; (wherei =1,2,...,4) are given by
_ 3 _13
M= A=l M=
11 9 11 2911 (19)
O ]
72 24 108 216

Thus, we have reduced the basic set of fluid equa-
tions (1)—(3) to a nonlinear KdV equation (12) for ¢
and a linear inhomogeneous differential equation (17)
for ¢, for which the source term is described by a
known function ¢;.

4. Stationary Solution

To obtain a stationary solution from (12) and (17),
we adopt the renormalization method introduced by
Kodama and Taniuti [23] to eliminate the secular be-
havior up to the second-order potential. According to
this method, (12) can be added to (17) to yield

K(g1)+ > e"L(g1)dn = Y "y,

n>2 n>2

(20)

where S, represents the right-hand side of (17). Adding

2n218”6!2%—‘2” to both sides of (20), where 6Q =
e + €20, +€3Q3+ . .., with coefficients to be deter-
mined later, Q, are determined successively to cancel
out the resonant term in S,. Then, (12) and (17) may

be written as

991

—+A¢1 L a q)l

aq)l “Bogy +0Q =% 9

9 125383 3¢ ~0 @D
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a(Z)z 1 83(132 ¢
e A 0Q—=
=53 +Qlaa?

The parameter §Q in (21) and (22) can be deter-
mined from the conditions that the resonant terms in
S ((1)1) may be replaced out by the terms 60 ¢y /d&
in (21) [24].

Let us introduce the variable

n=§—-(Q+46Q)r, (23)

where the parameter € is related to the Mach number
M = Q/Cq by

Q+8Q=M—1=AM,

with Q being the soliton velocity and Cgy is the dust-
acoustic velocity.

Integrating (21) and (22) with respect to the new
variable 1 and using the appropriate vanishing bound-
ary conditions for ¢1(n) and ¢,(n) and their deriva-
tives up to second order as |1| — oo, we obtain

ZZ%JFB L(AgL—2Q)¢ =0, (24)
%HB Y(ApL— Q)¢
44, (29)
_ 2B / l ¢1+Qld 1 n.
The one-soliton solution of (24) is given by
91 = gumsech? (D), (26)

where the soliton amplitude ¢1, and the soliton width
D1 are given by

3Q

P1m = — (@7)

Substituting (26) in (24), the source term of (24) be-
comes

2B~ / [ (¢1) +!21?j¢1 n

— 2B~1(2; — 16D*Ay) b1 sech?(D) (28)
202 Q 2 0
+ (Pg‘z‘ oy sech® (D) + ¢1§12 apsech®D(n),

where
10A
o =2A + A3+ ?Am
2B 20A
O = XA;L 6A2 — 2A3 — —A4

In order to cancel the resonant terms in (¢r), the

value of 62 should be
Q1 = 16D*As. (29)

To solve (28), we introduce the independent variable

¥ =tanh(nD). (30)
Equation (28) becomes
d 2, 0 z2 ]~
o7 l(l o) = au [3(3+ 1) - -2 31)
=o3(1— 'f’z) +oy(l— ?’2)2,
where
4 2 2 2
O3 = —(Em 0y, 0O4= _flgm 107

Two independent solutions of the homogeneous part
of (31) are given by the associated Legendre function
of first and second kind:

P? = 15¥(1—¥?), (32)

, 15 s (1+Y

QG=v(- ‘I’)In(l T) 33
+2(1-¥?)"1—15(1 —¥?)2 45,

and the complementary solution of (31) is given by

¢oc = C1 (15 (1 — P2))

—i—Cz(%‘P(l—‘Pz)ln (%) (34)

+2(1—¥?) "1 —15(1—¥?)+5).

By applying the method of variation of parameters,
the particular solution of (31) is given by

dop = L1 (¥)PE(¥) + Lo(P)Q5(¥P), (35)
where L1 () and L (V) are given by
_ (V)T (¥)
L) =~ | Gz, g
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PI(P)T(¥)
Ly(¥ :/ 3 du,
2= | Twwezee), g
with
T(1) = 051~ W) + oy(1— W22,
dQ2 dP? 120
p2d9%
( QS) 3 dlI/ Q3 dlII l_lI/Z
Using PZ and @3, then Ly () and L, () reduce to
1 O S T
Li(u) = 32(1 ) (3063-!—4064(1 ¥ ))In( “)
1
+ (05)¥ + (06) P2 + (oc7)‘{’5+6—4‘{’7,
_ 1 23,1 1 2
where
o —(—i—i—i)a +(—i+i)(x
> 4815/ s T 157"
1 33 1
O = (—E)%*‘(—%*‘a)m,
o7 = (== L )o +(—i+i)a
T8/ 320 T 1577
and the partlcular solution is given by
$op = ¢ (1—‘1"2)[118 —op(1-¥?)],  (36)
where
_ 6BA; 10 4 20A
%= —x gl

In (34) the first term is the secular one, which can be
eliminated by renormalization of the amplitude. Also,
the boundary conditions 62 =0 as n — o« produce
C, = 0. Thus, only the particular solution contributes
to 62.

Expressing (36) in terms of the old variable n, the
solution of (31) is given by

(z)lm

G2p = ~L5—sech? (Dn)[eo + oz tanh?(Dn)]. (37)

The stationary soliton solution for DA waves is
given by
(1) = ¢1.(n)+ d2(n)

2N2

= (¢1m+ ou1)sech?(Dn)

(z)lm
Q

(38)

2Im=_sech*(Dn),

A

1.715

1.705

0,035 Dvo4’
Fig. 1. Dependence of the phase velocity A on u.

0.013 0.02 0.025 0.03

B ()

Fig. 2. Comparison between ¢ (1) and ¢; (1) with respect to
n for u =0.01 and Q = 0.03.

where

3BA; 1 2 10A
M0 =g~ et et g
o1 = ogo + 0,

A1)/,

and the soliton width is given by

Q=B?(1+

2B

28 AM
=(Zm

)1+ =),

5. Conclusion and Remarks

In the above analysis we have investigated the effect
of higher-order corrections on nonlinear dust-acoustic
waves in an unmagnetized collisionless mesospheric
dusty plasma consisting of positively and negatively
charged dust fluids. The application of the reductive
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Fig. 3. Dependence of the higher-order corrections amplitude
om and first-order amplitude ¢, on u for 2 = 0.06.

perturbation theory to the basic set of fluid equations
leads to a KdV equation which describes the non-
linear evolution of the dust-acoustic solitary waves.
To investigate the effects of the higher-order contri-
butions to nonlinear dust-acoustic solitary waves, we
have gone to the next order in perturbation theory.
A linearized KdV-type equation with an inhomoge-
neous term has been obtained. To obtain a stationary
solution for the coupled equations (12) and (17), we
have applied the renormalization method [24]. This
solution includes the effects of the higher-order non-
linearity and dispersion on the nonlinear dust-acoustic
solitary waves. The dependance of the phase veloc-
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